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The weak Birch and Swinnerton-Dyer conjecture

Let E be an elliptic curve over a number field K.

Conjecture (weak Birch and Swinnerton-Dyer)
The rank of E is the order of vanishing of its L-function L(E,s) at s = 1.

Here, the L-function of E is given by
1
)= sy

where p runs over all primes of K, and the Euler factor L,(E,s) is defined
in terms of the f-adic Galois representation pg ¢ for any prime £ with
p 1 L. This is the action of the absolute Galois group of K, on the {-adic
Tate module TyE, which is the inverse limit of ¢"-torsion subgroups

E(K,)[t"] = {P € E(Kp) : [€"](P) = 0},

with respect to the multiplication-by-¢ maps [] : E(K,) — E(K}).
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The n-torsion subgroup and the /-adic Tate module
Let E be an elliptic curve over a perfect field F.

Theorem (main)
#E(F)[n] = n? for any n € N with char(F) { n.

If G is an abelian group such that #G[n] = n9 for all n € N, then
G[n] = (Z/n)9 by the structure theorem of finite abelian groups. In
particular, E(F)[n] = (Z/n)? for any n € N with char(F) { n, so

. [ — [ —

TeE = lim (... = E(PIE] — E(F)A] — E(F)IA)

Z% :m( mode (Z/£3)2 mod ¢2 (Z/€2) mod ¢, (Z/E) )
RIEIR formalised the reduction of pg ¢ to the main theorem.
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An infamous exercise

The Arithmetic of Elliptic Curves by Silverman gives several approaches
to the main theorem (see Theorem I11.6.4(b) and Theorem VI1.6.1(a)).

Exercise (3.7(d))
Let n € Z. Prove that for any point (x,y) € E(F),

Pn(X,¥)  walx,y) )
wn(X7Y)2’ ¢n(x7}/)3 .

(e = (

Silverman gives definitions for ¢,,w, € F[X, Y] in terms of certain
division polynomials v, € F[X, Y], which feature in Schoof's algorithm.

Conjecture (7t)

No one has done Exercise 3.7 purely algebraically.
R Z formalised a complete solution to Exercise 3.7(d).

4/11



Introduction Definitions
€000

The polynomials 1,
The n-th division polynomial v, € R[X, Y] is given by

o =0,
Y1 =1,
P :=2Y + a1 X + a3,
¥3:=0
where O 1= 3X* 4 by X3 + 3b,X? 4 3bs X + bs,
Vs 1= A
where A = 2X0 4 by X5 +5b4 X4 1106 X3 +10bg X2 +(by bg — by bg ) X+(bg bg — b2 ) 5

Yant1 = ¢n+2¢3 - ¢n—1¢3+1,
wz — 7/15711/)n¢n+2 - ¢n—27/}nw%+1

2
Yop = —p.

In mathlib, ¢, is defined in terms of ¥, € R[X].
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The polynomials W,
The polynomial ¥, € R[X] is given by

Wy =0,
v, =1,
W, =1,
V3 =0,
YV, = A,

W, W3 — CPW, W3, if nis odd,
Vopyy i=

D2\I!,,+2\I12 — \Iln_llll,37+1 if nis even,
where 00 := 4X3 + by X? 4 2by X + b,
Yy, 1= W%_lwnwnu - wn—anw%H_la
V_,.=-V,.

Then v, = V,, when n is odd and ¥, = ¥» WV, when n is even.
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The polynomials ¢, and &,
Modulo the Weierstrass equation E(X, Y') defining E,
V2 = (2Y + a1 X + a3)?
=4(Y2 +a XY +aY) +aiX? +2a1a3X + a3

=4X3 + byX? +2b4X + bs  mod E(X,Y).
O

In particular, 12 and 1, 1%,_1 are congruent to polynomials in R[X].
The polynomial ¢, € R[X, Y] is given by

Gn = X — Pnp1n-1,
so that ¢, = ®, mod E(X,Y), where &, € R[X] is given by

® — XW2 OV, W, ; ifnisodd,
e XD\U% —WV,1V,_1 if nis even.
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The polynomials w;,

The polynomial w, € R[X, Y] is given by

Wp = % (122"” — a1Pntn — 83¢3> .

Lemma (iF)

Let n € Z. Then v, /vn — a1dnthn — a3y is divisible by 2 in Z[a;, X, Y].

Example (a; = a3 = 0)

v, 2X® 442, X5 +10a4 X* 44026 X3 +10bg X2 +(4ar bg —8asas) X +(2a4 bg—1622)
Wy = — = .
2 2

Define w, as the image of the quotient under Z[a;, X, Y] — R[X, Y].

When n = 4, this quotient has 15,049 terms.

Remarks

8/11



Introduction Definitions Remarks

@00

Elliptic divisibility sequences and elliptic nets

Integrality relies on the fact that ¢, is an elliptic divisibility sequence.

Exercise (3.7(g))
For all n,m, r € Z, prove that 1, | ¥nm and

¢n+mwn—m¢% = ¢n+r7/}n—r¢r2n - 7/}m+r'l/)m—rw%-

Note that this generalises the recursive definitions of 15,41 and ¥5,.

Surprisingly, this needs the stronger result that v, is an elliptic net.

Theorem (i)
Let n,m,r,s € Z. Then

¢n+m'€/]nfm¢r+s¢rfs = 1anrrwnfr'l/ijle/Jmfs - wm+rwmfr¢n+swnfs-

Elliptic divisibility sequences were first introduced by Morgan Ward
(1948) and generalised to elliptic nets by Katherine Stange (2008).
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Other formalised results
The polynomial v e R[X] is given by

W(z) — \U,% if nis Odd,
T | OW2 if nis even,

so that W$? = O and W = ¢2 mod E(X, Y).

Exercise (3.7(b))
Show that ¢, = X" 4+ ... and \IIE,Z) — X"l

This is an inductive computation of natDegree and leadingCoeff.

Exercise (3.7(c))
Prove that ®, and \UE,2) are relatively prime.
Surprisingly, this needs Exercise 3.7(d) and the assumption that A # 0.

10/11



Introduction Definitions

(e]e]e}

0000

A blueprint for the /-adic Tate module

Def of 1, (3.7(a)) Def of w, (3.7(a)) Elliptic nets (3.7(g))

Def of ¢, (3.7(a)) [nl((x, y)) (3.7(d)) Projective coordinates

(én, ¥2) =1 (3.7(c)) Assumption A # 0
L E(F)[n] = n? (3.7(e)

E(F)[n] (Z/n)z Finite abelian groups

Inverse limits
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