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Presheaves

Throughout, let R be a ring, and let X, Y, and Z be topological spaces.
Then U and U; (resp V and V;) will be open sets of X (resp Y), and F
and F; (resp G and G;) will be sheaves of R-modules on X (resp Y).

A presheaf (of R-modules on X) is a functor F : Top(X)°? — Modg.
In other words, it associates every U € Top(X) to some F(U) € Modg,
and for all Uy, U € Top(X) with U; C Us, there are restrictions

()G F(Ur = Up) : F(Up) = F(Uh),

such that
> () 51 =id, and
> (DIP)IG = ()| for all Us € Top(X) with Up C Us.

Let PSh(X, R) denote the category of presheaves (of R-modules on X).
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Sheaves

A sheaf (of R-modules on X) is a presheaf F € PSh(X, R) such that, if
{U;}; is an open cover of U € Top(X), then the (equaliser) sequence

(|U) (SIH(5'|UmU )J)l
0 — F(U) —>H f(U)_i I[I;; F(Uin U;)

(SJH(SJ‘U ny; )i)i
is exact. In other words,
S1 if s € F(U) is such that s|fj = 0 for all /, then s =0, and

S2 if s; € F(U;) and s; € F(U;) are such that s,|UmU = 5J|Umu for all
i and j, then there is some s € F(U) such that s|f, = s; for all /.

Let Sh(X, R) denote the category of sheaves (of R-modules on X), and
let (=)~ : Sh(X, R) — PSh(X, R) denote its natural forgetful functor.
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Morphisms of sheaves

A morphism of (pre)sheaves (of R-modules on X) is a natural
transformation ¢ : F; — F,. In other words, it is a collection of R-linear
maps ¢y : F1(U) = Fo(U) for each U € Top(X), such that

.7'-1(U1) 4) .7:2(U1)
S| Je
]:1(U2) *> ]:2(U )

The stalk of F at some x € X is the direct limit

Fx:=lim  F(U).
U€eTop(X),
xeU

If F1 and JF, are sheaves, then ¢ is an isomorphism precisely if the
induced morphism ¢, : F1 x — F2 x is an isomorphism for each x € X.
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Examples of sheaves

Let X be a C"-manifold over K/R. For all m < n, there are sheaves
U~ C™(U,K).
Let X be a variety over K = K. The structure sheaf is given by
Ox : U — {regular functions U — K}.
Let M be an R-module, and let x € X. The skyscraper sheaf is given by

M. U s M if x e l../,
- 0 otherwise.

On the other hand, the presheaf
F : U — {bounded continuous functions U — R}

is not a sheaf.
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Constant sheaves

Let M be an R-module. The constant sheaf My is not just the presheaf
U — M! Since 0 has an empty open cover {U;}cp, all s € Mx(0)
vacuously satisfy 5|%,- =0 for all / € ), so S1 says that s = 0. Thus

Mx(0) = 0.
Let Ui, U, € Top(X) be disjoint with Mx(U1) = Mx(U,) = M. If

s1 € Mx(Ur) and s, € Mx(Uz), then si|(} 1, = s2|(2y, = 0, s0 S2 gives

some s € Mx(Uy U Us) such that s|5iuu2 = s and S|5;uu2 =s,. Thus

Mx(UiU ) =Mae M.
In other words, the constant sheaf is given by
My : U — {continuous functions U — M},

where M is given the discrete topology.
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Sheafification

Let 7 € PSh(X, R). The sheafification of F is the unique sheaf
F* € Sh(X, R) satisfying the universal property

FO Fr

Sy

VFo.

This says that for any Fy € Sh(X, R) and any ¢ : F — Fo, there is a
unique ¢+ : FT — Fy such that ¢7 o (—)T = ¢.

In other words, (—)* : PSh(X, R) — Sh(X, R) is the right adjoint to
the forgetful functor (=)~ : Sh(X, R) — PSh(X, R), in the sense that

Homgn(x,r)(F1 » F2) = Hompsn(x,r)(F1, F5 )

so that F, = F; for all x € X.
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Hom and tensor product
Grothendieck introduced a six-functor formalism for sheaves.
The hom Hom(F1, F2) € Sh(X, R) is the sheaf
U — Homgpu,r)(F1lu, F2|v)-
The tensor product F; ® F, € Sh(X, R) is the sheafification of
Uw— ]:1(U) XRr ]:2(U)
Fact
» Homgy(x,r)(F1 @ Fa, F3) = Homgy(x gy (F1, Hom(F>, F3)).
> F® Rx = F and Hom(Rx, F) = F.

> Ifx € X, then (F1 @ F2)x = Fix ®r Fax, but
Hom(F1, Fa)x 2 Hom(Fi x, Fa,x) in general.
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Pullback and pushforward
Let f: X — Y. The pushforward 7. F € Sh(Y, R) is the sheaf

Vi F(FHV)).
The pullback *G € Sh(X, R) is the sheafification of

U lim Gg(v).
VeTop(Y),
fF(U)CV

Fact
» Homgy(x,r)(f*G, F) = Homsn(y gy (G, f.F).
f*Ry = Rx and (f*G), = Gf(x) forall x € X.
Ifiy:{y} — Y forsomey €Y, then ;G =G, (3.
If 7+ X — {x} for some x € X, then X F = F(X).
Ifg:Y — Z, then (gof). =gwof, and (gof)* =f*og*.

>
4
>
>
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Shriek pushforward

Recall that f is proper if it is universally closed, in the sense that
fxid: XxZ—Y x Zisclosed for all Z. If X is locally compact
Hausdorff, then f is proper iff f ~1(Z) is compact for any compact
Z C Y. The shriek pushforward ;7 € Sh(Y, R) is the sheaf

Vi {seF(f~ ( V) : flsupp(s) is proper},

where supp(s) ;= {x € X : s # 0 in F,} is closed.

Fact
» Ifv: X — Y is open, then
Homsy(y ry(11F,G) = Homgy(x,r)(F, t*G).
» [f f is proper, such as when f : X — Y s closed, then fi = f,.
> If 1 : X — {x} for some x € X, then

m F = {s € F(X) : supp(s) is compact}.

> Ifg:Y — Z is separated, in the sense that the diagonal
Y < Y xz Y is closed, then (gof) =g o f.
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Locally closed inclusions

Assume that ¢ : X < Y is locally closed. Then ¢ : Sh(X, R) — Sh(Y,R)
is extension-by-zero, where ,i.F € Sh(Y, R) is the sheafification of

R {]—'(V NuX)) if VNuX) CuX),
0 otherwise,

soitsstalk at y € Y is

if X
N
0 otherwise.

In this case, 1 has a right adjoint restriction-with-supports
/' : Sh(Y, R) — Sh(X, R), where /'G € Sh(X, R) is the sheafification of

U~ lim {s € G(V) : supp(s) C ¢(V)},
VeTop(Y),
VNu(X)=c(U)

| .
so that v = +* whenever ¢ is open.
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Classical derived functors

Since Modg has enough injectives, Sh(X, R) also has enough injectives,
so for any F € Sh(X, R), there is a classical injective resolution
1
0 F 10 9
Let F : Sh(X, R) — Sh(Y, R) be a functor. For each i € N, the
classical derived functor R'F : Sh(X, R) — Sh(Y, R) of F is given by

F(d°)

Fis H(0 = F(z%) 29 pzty 29,

) i=ker F(d")/imF(d'™1),

which is independent of the choice of classical injective resolution. For
each i € Z, the cohomology of F is

H/(F) := R'F(F).
If F is left exact, then HO(F) = ROF(F) = ker F(d°) = F(F). For

instance, Hom(F, —), Hom(—,F), f*, f., fi, 11, and ' are all left exact,
and f* and ¢ (and F ® — and —® F if Modg is flat) are also right exact.
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Complex category

Let A be an abelian category. Let C(A) denote the category whose
objects are chain complexes A® for some A’ € A given by

dll
i I+1
AL A p

and whose morphisms are chain maps ¢°® : A* — B*® such that

i—1 i i+1
dy P9 i %
J(qbi J{¢f+1
i Bit+1
dit dp dgt

For each i € Z, the cohomology of a chain complex A® € A is given by
H'(A®) :=kerd'/imd'~L.

A chain map ¢°® : A* — B*® is a quasi-isomorphism if the induced
morphisms H(¢*®) : H'(A®) — H'(B®) are isomorphisms for all i € Z.
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Derived category

Let C be a category. The localisation of C with respect to a collection S
of morphisms is a category S™1C satisfying the universal property

c S5 s
h JH!S*F
VCCH
where Cy is any category such that F(¢) is an isomorphism for all ¢ € S.
The derived category D(A) of A is the localisation of C(.A) with
respect to quasi-isomorphisms. Furthermore, let DT (A) and D~ (A)
denote its subcategories such that A’ = 0 for sufficiently large or small

i € Z respectively, and let D?(A) := D*(A) N D~ (A).

Similarly, let C*(A) denote the same for C(.A) for each of * € {+, —, b}.
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Derived functors

Assume that A has enough injectives. Then for all A® € C(.A), there is
an injective resolution /* € C(A) with a quasi-isomorphism

A — [°.

Let F: A — B be a left exact functor between abelian categories. By
abstract nonsense, it preserves quasi-isomorphisms on C*(A), so it
defines a functor F : D¥(A) — D*(B). Furthermore, there is a derived
functor RF : DT(A) — D*(B) given by

A® = F(I°),
which recovers the classical derived functor for each i € Z by
R'F(A) = H'(RF(A)).
If it is also right exact, then it preserves quasi-isomorphisms on C~(.A),

so it defines a functor F : D(A) — D(B), and the derived functor
RF : D(A) — D(B) satisfies RF(A®) = 0 for all A® € A.
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Derived sheaf functors
Let D*(X, R) := D*(Sh(X, R)), which has non-zero derived functors

RHom(F,-), RHom(—,F), Rf., Rfi, i'.

The shriek pullback f' : D¥(Y,R) — D*(X, R) is the right adjoint of
Rfi: DT (X, R) — D™ (Y, R), which exists when X and Y are locally
compact Hausdorff. If ¢ : X < Y is locally closed, then this coincides
with Ri' : D*(Y, R) — D*(X, R).

Fact
> If m: X — {x} for some x € X, then RimXF = H'(F) and
Rin¥F = HL(F).
> Iff:X—=>Yandg:Y — Z,and X, Y, and Z are locally compact
Hausdorff, then (Rg o Rf). = Rg. o Rf, and (Rg o Rf), = Rgi o Rf.

» Proper base change: if f : X = Y and h: Z — X, and
nx XXy Z—Xandnz: X Xy Z — Z, then
h*ORﬁ%’Rﬂ'Z!Oﬂ';.
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