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L-functions

Let F be a local field, and let x : F* — C* be a quasi-character of F.
> If F =R, then x := xn.s := x "|x|* for some N € {0,1}, and

L(x) = Ta(s) == #r ()

» If F =C, then x := xns := z~N|z|* for some N € N, and

L(x) :=Tc(s) := I(s).

if x is unramified,
1 if x is ramified,

where w is a uniformiser of F.
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(-integrals

These L-functions L(x) turn out to be special values of (-integrals

(k0 = [ A0

where f is an appropriate Schwarz—Bruhat test function and d*x is a
Haar measure on F*. Since F and F* are both locally compact abelian
groups, Haar measures exist and are unique up to non-zero scaling.

For simplicity, it suffices to fix convenient choices for each F.
» If F =R, then let dx be Lebesgue, and let d*x := dx/|x|.
» If F =C, then let dz be twice Lebesgue, and let d*z := dz/|z|.
» If F is non-archimedean, then choose dx and d*x such that

/dx:/ d*x =1,
0] ox

so that (1 — g~ 1)d*x = dx/|x|.
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Real (-integrals

If F =R, then let gy : x — xNe=™ so t = 7x? gives

N 77rx 7N‘X|s%

x|
2/ e ™ x d—x
X
0 s/2
= 2/ et (E) dt
0 ™ 2t

gNzXNs

Il

~
—~
=
=2
0
~
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Complex (-integrals

If F=C, then let hy : z — 7 1zNe 2712l 'so z = re'® and t = 27r? give

1 d
(s xns) = / e 2ol N|zpe

B / /2” 2nr? 25 240dr
o r
/ 6727” 25dr

0 r

e dt
4 —t

/0 € (2w> 2t
2_r(s)

~ ()
= L(XN,S)-

Similarly, if Ay : z +— 7 1zVe 2712l and XNs:Z+> E_N|z|s, then

¢(hn;Xvs) = L(Xns)-
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Unramified non-archimedean (-integrals

If F is non-archimedean and y is unramified, then x = w"u gives

(o, x) = /Fx To(x)x(x)d*x

= / x(x)d*x
O\{0}

= i/wnox x(x)d* x
_ nf%x(W)” [ @

= x(=@)"
n=0
1
1 —x(w)
= L(x).
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Ramified non-archimedean (-integrals

If F is non-archimedean and y is ramified, then

Ly 000 X) = /F I, o0 ()X (x)d" x

= / x(x)d*x
1+wax) O
_ 1
(0% 14 w2 00)
_ 1
(- 1)gr01
1
T @I —g)

where g is the size of the residue field of F.
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Fourier transforms

Let f be a Schwartz—Bruhat function on F, let ¢ : F — C* be a
non-trivial additive character of F, and let dx be a Haar measure on F.
Then the Fourier transform of f with respect to ¢ and dx is given by

)= [ Fwlydax
If ?(y) is the Fourier transform of f with respect to ¢ o ¢ and mdx, then

fFly) = /F F(x)(exy)mdx = mf(cy).

For simplicity, it suffices to fix convenient choices for each F.
> If F =R, then let ¢(x) := >,
> If F =C, then let ¢(z) := ?™/(z+2),
» If F is non-archimedean, then choose ¢ such that a(¢)) = 0.
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Real Fourier transforms
If F =R, then

gily) = [ xte ™ e
R

N
1 av

~ (2w dy

= i"gn(y).
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Complex Fourier transforms
If F=C, then z=x+iy and w = u + iv give

a(w) — l zNe—27r\z|627ri(zw+ﬁ)dZ
TJc

1o L
- - —27|z| 27rl(zw+zw)d
n(2wi)N owN /Ce € z

1 oN 2242 .
- - Z —2m(x“+y°) 47rl(xu—yv)2d d
m(2mi)N BWN/ € € Xy

_(27TINaWN/\[ —2mx? 4w1xudx/ﬁef2ﬂy 47rlyvdy
N

— # 9 6727T(u 24v?)

m(2ri)N owN

N

" — N —2r|w]|

= —w'e
™

= i"hy(w).
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Non-archimedean Fourier transforms

Assume that F is non-archimedean. If y is unramified, then

Toly) = [ To(x)it)dx

/wxy

_]IO

If x is ramified, then x =1 4 u gives

Lmo(y) = /F Iy o (X )dlx
= / Y(xy)dx
1+ O
=1(y) Y(uy)du
w2 X)) O
_¥y)

qa(X) ]Iw*a(X)(’)(y)'
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Abelian e-functions

It turns out that {(f,x) and L(x) satisfy the functional equation

¢(Fi%) ¢(f,x)
L(X) L(x)

where X : x — |x]/x(x) is the twisted dual of x.

= €(x, ¢, dx)

The e-function €(x, ¥, dx) depends on % and dx, and

e(x, ¥ o ¢, dx) = x(c)le| e(x, ¥, dx),
e(x, ¥, mdx) = me(x, v, dx).

On the other hand, if g is another Schwarz—Bruhat function on F, then

(Fx) _ C(FR)

C(g.x) <¢@x)

by Fubini's theorem, so €(x, %, dx) is independent of f.
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Archimedean and unramified non-archimedean e-functions
If F =R, then {(gn,xn.s) = L(xn,s) and
C(EIEX/I\E) = C(iNgN7XN|X|175) = iNC(gN,XN,175+2N) = INL(m)»
so that e(xns, %, dx) = iN.
If F=C, then {(hn,xns) = L(xn,s) and
C(hn. Xns) = C(iNhn, 2V|2|'=%) = iN¢(hy. Xva—sin) = iV L(Xns):
so that e(xn.s, %, dz) = iV,
If F is non-archimedean and x is unramified, then ¢(Ip, x) = L(x) and
((Io, x) = ¢(Io, X) = L(X),

so that e(x, ¢,dx) = 1.
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Ramified non-archimedean e-functions

If F is non-archimedean and y is ramified, then L(x) = L(X) =1 and

—

(I ma005 X) :/Fx I oo (Y)X(y)d™

_ 1 / 1P(y)| 4%
q200 a0o\{o} X(¥)

U(y)
= ((I1 4 a0 ,X/ dy
(T 0:X) w0\ {0} X y)
so that )
y
(o) = [ LS28M
( ) w00\ {0} X(¥)
In fact,

(b, dx) = /
w—aAx)Ox X(.y
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Nonabelian e-functions

Theorem (Langlands—Deligne)

Let F be a local field, let V be a Weil representation of F, let 1) be a
non-trivial additive character of F, and let dx be a Haar measure on F.
Then there is a unique constant e(V,1,dx) € C* such that

» if E is a finite separable extension over F and dgx is an additive
Haar measure on E, then the map

Vi— e(V, ¢y otrE dex)

is inductive in degree zero over F, and

» jf V corresponds to a quasi-character x of F, then
6( V7 ’l/)? dX) = 6(X7 w? dX)'

Uniqueness follows from Brauer's theorem that an inductive function in
degree zero is determined by its values on quasi-characters.

15/16



Properties of e-functions

Assuming existence, the following are easy consequences.
> (Ve W,¥,dx) =e(V,v,dx)e(W, 1, dx).
> ¢(V,1Yoc,dx) = (det V)(c)|c|~9mVe(V, 1, dx).
> ¢(V, 1, mdx) = mimVe(V 4, dx).
» If F is non-archimedean and W is unramified, then

e(V @ W, 1, dx) = e(V, 4, dx)m W (det W)(cz)2(V)+n(¥)dim V.
> IfV = | - |[V* is the twisted dual of V/, then
6( Va 'll), dX)G( \77 ’l/) o —, dd)X) = 13

where dyx is the dual Haar measure with respect to .

» If E is a finite separable extension of F and Vg is a degree zero Weil
representation of E, then

e(IndE Vg, 1, dx) = e( Ve, ¥ o trE, dex).
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