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L-functions

Let F be a local field, and let χ : F× → C× be a quasi-character of F .

▶ If F = R, then χ := χN,s := x−N |x |s for some N ∈ {0, 1}, and

L(χ) := ΓR(s) :=
1

πs/2
Γ
( s
2

)
▶ If F = C, then χ := χN,s := z−N |z |s for some N ∈ N, and

L(χ) := ΓC(s) :=
2

(2π)s
Γ(s).

▶ If F is non-archimedean, then

L(χ) :=


1

1− χ(ϖ)
if χ is unramified,

1 if χ is ramified,

where ϖ is a uniformiser of F .
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ζ-integrals

These L-functions L(χ) turn out to be special values of ζ-integrals

ζ(f , χ) :=

∫
F×

f (x)χ(x)d×x ,

where f is an appropriate Schwarz–Bruhat test function and d×x is a
Haar measure on F×. Since F and F× are both locally compact abelian
groups, Haar measures exist and are unique up to non-zero scaling.

For simplicity, it suffices to fix convenient choices for each F .

▶ If F = R, then let dx be Lebesgue, and let d×x := dx/|x |.
▶ If F = C, then let dz be twice Lebesgue, and let d×z := dz/|z |.
▶ If F is non-archimedean, then choose dx and d×x such that∫

O
dx =

∫
O×

d×x = 1,

so that (1− q−1)d×x = dx/|x |.
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Real ζ-integrals

If F = R, then let gN : x 7→ xNe−πx
2

, so t = πx2 gives

ζ(gN , χN,s) =

∫
R×

xNe−πx
2

x−N |x |s dx
|x |

= 2

∫ ∞

0

e−πx
2

x s
dx

x

= 2

∫ ∞

0

e−t
( t

π

)s/2 dt

2t

=
1

πs/2
Γ
( s
2

)
= L(χN,s).
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Complex ζ-integrals

If F = C, then let hN : z 7→ π−1zNe−2π|z|, so z = re iθ and t = 2πr2 give

ζ(hN , χN,s) =
1

π

∫
C×

zNe−2π|z|z−N |z |s dz
|z |

=
1

π

∫ ∞

0

∫ 2π

0

e−2πr2r2s
2dθdr

r

= 4

∫ ∞

0

e−2πr2r2s
dr

r

= 4

∫ ∞

0

e−t
( t

2π

)s dt

2t

=
2

(2π)s
Γ(s)

= L(χN,s).

Similarly, if hN : z 7→ π−1zNe−2π|z| and χN,s : z 7→ z−N |z |s , then

ζ(hN , χN,s) = L(χN,s).
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Unramified non-archimedean ζ-integrals

If F is non-archimedean and χ is unramified, then x = ϖnu gives

ζ(IO, χ) =
∫
F×

IO(x)χ(x)d×x

=

∫
O\{0}

χ(x)d×x

=
∞∑
n=0

∫
ϖnO×

χ(x)d×x

=
∞∑
n=0

χ(ϖ)n
∫
O×

χ(u)d×u

=
∞∑
n=0

χ(ϖ)n

=
1

1− χ(ϖ)

= L(χ).
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Ramified non-archimedean ζ-integrals

If F is non-archimedean and χ is ramified, then

ζ(I1+ϖa(χ)O, χ) =

∫
F×

I1+ϖa(χ)O(x)χ(x)d
×x

=

∫
1+ϖa(χ)O

χ(x)d×x

=
1

(O× : 1 +ϖa(χ)O)

=
1

(q − 1)qa(χ)−1

=
1

qa(χ)(1− q−1)
,

where q is the size of the residue field of F .
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Fourier transforms

Let f be a Schwartz–Bruhat function on F , let ψ : F → C× be a
non-trivial additive character of F , and let dx be a Haar measure on F .
Then the Fourier transform of f with respect to ψ and dx is given by

f̂ (y) :=

∫
F

f (x)ψ(xy)dx .

If f̃ (y) is the Fourier transform of f with respect to ψ ◦ c and mdx , then

f̃ (y) =

∫
F

f (x)ψ(cxy)mdx = mf̂ (cy).

For simplicity, it suffices to fix convenient choices for each F .

▶ If F = R, then let ψ(x) := e2πix .

▶ If F = C, then let ψ(z) := e2πi(z+z).

▶ If F is non-archimedean, then choose ψ such that a(ψ) = 0.
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Real Fourier transforms

If F = R, then

ĝN(y) =

∫
R
xNe−πx

2

e2πixydx

=
1

(2πi)N
dN

dNy

∫
R
e−πx

2

e2πixydx

=
1

(2πi)N
dN

dNy
e−πy

2

= iNgN(y).
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Complex Fourier transforms

If F = C, then z = x + iy and w = u + iv give

ĥN(w) =
1

π

∫
C
zNe−2π|z|e2πi(zw+zw)dz

=
1

π(2πi)N
∂N

∂wN

∫
C
e−2π|z|e2πi(zw+zw)dz

=
1

π(2πi)N
∂N

∂wN

∫
R2

e−2π(x2+y2)e4πi(xu−yv)2dxdy

=
1

π(2πi)N
∂N

∂wN

∫
R

√
2e−2πx2

e4πixudx

∫
R

√
2e−2πy2

e4πiyvdy

=
1

π(2πi)N
∂N

∂wN
e−2π(u2+v2)

=
iN

π
wNe−2π|w |

= iNhN(w).
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Non-archimedean Fourier transforms

Assume that F is non-archimedean. If χ is unramified, then

ÎO(y) =
∫
F

IO(x)ψ(xy)dx

=

∫
O
ψ(xy)dx

= IO(y).

If χ is ramified, then x = 1 + u gives

̂I1+ϖa(χ)O(y) =

∫
F

I1+ϖa(χ)O(x)ψ(xy)dx

=

∫
1+ϖa(χ)O

ψ(xy)dx

= ψ(y)

∫
ϖa(χ)O

ψ(uy)du

=
ψ(y)

qa(χ)
Iϖ−a(χ)O(y).
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Abelian ϵ-functions

It turns out that ζ(f , χ) and L(χ) satisfy the functional equation

ζ(f̂ , χ̂)

L(χ̂)
= ϵ(χ, ψ, dx)

ζ(f , χ)

L(χ)
,

where χ̂ : x 7→ |x |/χ(x) is the twisted dual of χ.

The ϵ-function ϵ(χ, ψ, dx) depends on ψ and dx , and

ϵ(χ, ψ ◦ c, dx) = χ(c)|c |−1ϵ(χ, ψ, dx),

ϵ(χ, ψ,mdx) = mϵ(χ, ψ,dx).

On the other hand, if g is another Schwarz–Bruhat function on F , then

ζ(f , χ)

ζ(g , χ)
=
ζ(f̂ , χ̂)

ζ(ĝ , χ̂)
,

by Fubini’s theorem, so ϵ(χ, ψ,dx) is independent of f .
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Archimedean and unramified non-archimedean ϵ-functions

If F = R, then ζ(gN , χN,s) = L(χN,s) and

ζ(ĝN , χ̂N,s) = ζ(iNgN , x
N |x |1−s) = iNζ(gN , χN,1−s+2N) = iNL(χ̂N,s),

so that ϵ(χN,s , ψ,dx) = iN .

If F = C, then ζ(hN , χN,s) = L(χN,s) and

ζ(ĥN , χ̂N,s) = ζ(iNhN , z
N |z |1−s) = iNζ(hN , χN,1−s+N) = iNL(χ̂N,s),

so that ϵ(χN,s , ψ,dz) = iN .

If F is non-archimedean and χ is unramified, then ζ(IO, χ) = L(χ) and

ζ(ÎO, χ̂) = ζ(IO, χ̂) = L(χ̂),

so that ϵ(χ, ψ, dx) = 1.
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Ramified non-archimedean ϵ-functions

If F is non-archimedean and χ is ramified, then L(χ) = L(χ̂) = 1 and

ζ( ̂I1+ϖa(χ)O, χ̂) =

∫
F×

̂I1+ϖa(χ)O(y)χ̂(y)d
×y

=
1

qa(χ)

∫
ϖ−a(χ)O\{0}

ψ(y)

χ(y)
|y |d×y

= ζ(I1+ϖa(χ)O, χ)

∫
ϖ−a(χ)O\{0}

ψ(y)

χ(y)
dy ,

so that

ϵ(χ, ψ, dx) =

∫
ϖ−a(χ)O\{0}

ψ(y)

χ(y)
dy .

In fact,

ϵ(χ, ψ, dx) =

∫
ϖ−a(χ)O×

ψ(y)

χ(y)
dy .
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Nonabelian ϵ-functions

Theorem (Langlands–Deligne)
Let F be a local field, let V be a Weil representation of F , let ψ be a
non-trivial additive character of F , and let dx be a Haar measure on F .
Then there is a unique constant ϵ(V , ψ, dx) ∈ C× such that

▶ if E is a finite separable extension over F and dEx is an additive
Haar measure on E, then the map

V 7−→ ϵ(V , ψ ◦ trEF , dEx)

is inductive in degree zero over F , and

▶ if V corresponds to a quasi-character χ of F , then

ϵ(V , ψ, dx) = ϵ(χ, ψ, dx).

Uniqueness follows from Brauer’s theorem that an inductive function in
degree zero is determined by its values on quasi-characters.
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Properties of ϵ-functions

Assuming existence, the following are easy consequences.

▶ ϵ(V ⊕W , ψ,dx) = ϵ(V , ψ,dx)ϵ(W , ψ, dx).

▶ ϵ(V , ψ ◦ c ,dx) = (detV )(c)|c |− dimV ϵ(V , ψ, dx).

▶ ϵ(V , ψ,mdx) = mdimV ϵ(V , ψ, dx).

▶ If F is non-archimedean and W is unramified, then

ϵ(V ⊗W , ψ,dx) = ϵ(V , ψ,dx)dimW (detW )(ϖ)a(V )+n(ψ) dimV .

▶ If V̂ := | · |V ∗ is the twisted dual of V , then

ϵ(V , ψ, dx)ϵ(V̂ , ψ ◦ −, dψx) = 1,

where dψx is the dual Haar measure with respect to ψ.

▶ If E is a finite separable extension of F and VE is a degree zero Weil
representation of E , then

ϵ(IndEF VE , ψ, dx) = ϵ(VE , ψ ◦ trEF , dEx).
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